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Annals of Mathematics, 167 (2008), 481-547

The primes contain arbitrarily long
arithmetic progressions

By Ben GReeN and TERENCE TAO*

Abstract

We prove that there are arbitrarily long arithmetic progressions of primes.
There are three major ingredients. The first is Szemerédi's theorem, which as-
serts that any subset of the integers of positive density contains progressions of
arbitrary length. The second, which is the main new ingredient of this paper,
is a certain transference principle. This allows us to deduce from Szemerédi's
theorem that any subset of a sufficiently pseudorandom set (or measure) of
positive relative density contains progressions of arbitrary length. The third
ingredient is a recent result of Goldston and Yildirim, which we reproduce
here. Using this, one may place (a large fraction of) the primes inside a pseu-
dorandom set of “almost primes” (or more precisely, a pseudorandom measure
concentrated on almost primes) with positive relative density.
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the Leibniz rule we have the bound (10.10), and furthermore
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The claim (9.1) then follows by choosing w(N) (and hence W) sufficiently
slowly growing in N (and hence in R). Proposition 9.6 follows. O
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TOWARDS A MEASURE OF SEMANTIC INFORMATION

NESTED HIERARCHIES IN LANGUAGE

FROM SENTENCE
- LENGTH TO HUNDREDS
OR THOUSANDS OF
. WORDS

— SENTENCE LENGTH
RANGE

- WORD LENGTH RANGE

MONTEMURRO & ZANETTE. ADV COMP SYST (2010)
MONTEMURRO, CORTEX (2014)
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SOME RECENT HISTORY

WILFRID VOYNICH

- FOUND BY WILFRID VOYNICH IN A MONASTERY IN ITALY IN 1912
- AFTER HIS DEATH IN 1930, THE MANUSCRIPT PASSED TO WILFRID’S WIFE

-IN 1960 IT WAS GIVEN TO THE ANTIQUARIAN HANS KRAUS, WHO

- IN 1969 DONATED IT TO THE YALE UNIVERSITY WHERE IT WAS CATALOGUE
AS MS 408

- NOW IT IS AT THE BEINECKE RARE BOOKS LIBRARY IN YALE UNIVERSITY

- IN 2009 SAMPLES OF THE VELLUM WERE CARBON DATED AT THE ARIZONA
UNIVERSITY YIELDING A DATE BETWEEN 1408 AND 1438 WITH 95%
CONFIDENCE




a letter found inside the cover—written in 1666 to accompany the manuscript when it was

NOT SO RECENT HISTORY OF THE MANUSCRIPT

 ALETTER DATED IN 1669 FOUND IN THE MANUSCRIPT
GAVE SOME HINTS ON ITS PREVIOUS HISTORY: SENT BY
JOHANNES MARCUS TO ATHANASIUS KIRCHER—WHICH
CLAIMS THAT THE BOOK ONCE BELONGED TO EMPEROR
RUDOLF Il 1552-1612), WHO PAID 600 GOLD DUCATS

RUDOLF Il (~2.07 KG GOLD)

(1552-1612)

. IN OTHER RELATED LETTERS IT IS SUPPOSED THAT THE
AUTHOR WAS ROGER BACON

. IT WAS POSSIBLY SOLD TO HIM BY JOHN DEE

EDWARD KELLY JOHN DEE

ROGER BACON
(1555-1597) (1527-1608)



VOYNICH MANUSCRIPT (1404-1438)

240 PAGES LONG
WRITTEN ON VELLUM
NOT IDENTIFIABLE
LANGUAGE

UNKNOWN SCRIPT

NO PUNCTUATION MARKS
NO CORRECTIONS
LAVISHLY ILLUSTRATED

SECTIONS

HERBAL (12135 WORDS)

ASTRONOMICAL (4877
WORDS)

BIOLOGICAL (6915 WORDS)

PHARMACEUTICAL (2568
WORDS)

RECIPES (11422 WORDS)
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HERBAL

* LONGEST SECTION OF THE MANUSCRIPT

* PLANT DRAWINGS

 ALL BUT AFEW OF THE PLANTS HAVE BEEN RECOGNISED WITH
CERTAINTY

 MOST OF THE PLANTS INCORPORATE PARTS FROM KNOWN SPECIES

VOYNICH MANUSCRIPT (1404-1438)



ASTRONOMICAL

* DRAWINGS RESEMBLING THE SUN, MOON, PLANETS, AND STARS
* INDICATION TO THE 12 ZODIAC SIGNS
* CIRCULAR DIAGRAMS WITH WOMEN HOLDING STARS
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BIOLOGICAL

. DOMINATED BY FIGURES OF BATHING WOMEN
. ELABORATE SYSTEMS ORGANIC TUBES AND SHAPES

4
) Tk
J ':'t..".". .
ove - -t
15 Tt
- - QJ:?? .:r-:: .:"‘r.‘

su 485ete 4300 T gl sy ‘

VOYNICH MANUSCRIPT (1404-1438)



PHARMACEUTICAL

. LABELLED DRAWINGS OF PLANTS AND PLANT PARTS
. DIFFERENT TYPES OF FLASKS
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RECIPES

SHORT PARAGRAPHS PRECEDED BY STARS

cveq dof

VOYNICH MANUSCRIPT (1404-1438)



SOME OF THE CONJECTURES

EARLY ATTEMPTS TO DECODE THE TEXT DATE FROM THE 1/7™
CENTURY

NUMEROUS ATTEMPTS WERE MADE AFTER THE REDISCOVERY OF
THE MANUSCRIPT. IN PARTICULAR, TOP WWII CRYPTOGRAPHERS.

THE PROPOSED POSSIBILITIES INCLUDE:

A CIPHER

- A CODE

+ “EXOTIC” NATURAL LANGUAGE
* AN ARTIFICIAL LANGUAGE

« A HOAX

VOYNICH MANUSCRIPT (1404-1438) WILLIAM FRIEDMAN



THE TEXT.....AND THE CODING

VOYNICH MANUSCRIPT (1404-1438)



THE TEXT..... AND THE CODING
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THE TEXT..... AND THE CODING
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THE TEXT.....AND THE CODING

....OEES OR QOKOR CHOL CTHOL TCHALODY CHOCKHY S OS CHY SAIN OR
OCHY CTHAR CTHAR CTHY Y CHAIIR CKHAL CTHODAM DY YTCHO CTHOL
CHES CTHOR OCHOLY KCHOS CHY DOR DCHOR CHOLDAR OKOL DAIIN
YCHEOR CHOR OCTHAM FCHODAIIN SHOPCHEY QKO SHEY QOOS SHEEY
CHOROCHY DCHEEY KEOR SHOR DOLD DCHEY KCHEY OTCHY CHEODY
OEEEES CHEODAIIN SHEEY YTCHEEY QOTCHY CHALD QOKCHO CHO
LOCHEY DAIIN YCHEY KCHOS ODAIIN OAIIR OTAIIN KSHOLOCHEY
QOTOEES CHKOLDY OTCHOR CHOAIIN DSHOY CTHOL CHOL OTCHOL DAIN
SHODY SHOL CHOTCHY OKCHEY DEEEESE CHOTY QOKCHY SHOL KEEY
CHOTY DAIN QOKECHY OLCHOIIN CHOL CPHEY SHCKHY CHOCHY KCHOD
SCHAIN CHOR DAIIN CHCKHY POLYSHY SHEY TCHODY QOPCHY OTSHOL
DY DAIIN TSHODODY CHOCHY CTHY DAIIN QOKY CHCPHHY DAIIN CTHOL
CTHY CTHD QOKCHY DYKCHY CHKEEY KSHY KY TY DOR CHEEY OL
CHEOL DY CHOTEEEN OEEAR CHOSCHY DAIN SHO KSHY SHOL DEEES
DOL DCHODAIIN QOTCHY CHEEY TCHEEY KCHOR SHEOD SHEODAIIN
SHODAIIN OKSHOLSHOL DAIS QOS OKSHODEEEN CHOR CHEOR ODAIIN
SHOTCHO DOL DOL DOR AIIN QOTEEEO RCHO CHEEODY QOTCHEY TEY
OKCHOR DAIIN SHO KEEO DAIIR .....

VOYNICH MANUSCRIPT (1404-1438)



ZIPF'S LAW

GEORGE K ZIPF (1902-1950)

Word rank frequency —
the 1 10 288 | ' f;;:.
of 2 7851 oo itt
and 3 4439 1000 slope -1
in 4 4016 1
to 5 3605 )
a 6 2491 § 100
that 7 2083 4 :
have 8 1762 o :
be 9 1656
as 10 1591 105
on 11 1553 | -
species 12 1542 ——
is 13 1418 1 . . —_
by 14 1356 1 10 100 1000
which 15 1229 Rank
or 16 1190
for 17 1163
we 18 1157
are 19 1135 -GEORGE ZIPF DISCOVERED THE LAW SHORTLY BEFORE 1935
from 20 1132

-ALL KNOWN LANGUAGES OBEY IT WITH SMALL VARIATIONS
-SIMILAR DISTRIBUTIONS ARE FOUND IN OTHER SYSTEMS (INTERNET LINKS,

CITY SIZES, SURNAME DISTRIBUTIONS)




ZIPF'S LAW

GEORGE K ZIPF (1902-1950)

500 ..

1000 g -

Z slope -1
> > 100 \
S 100 § >
s g
w Lo & 40

10 0On the Origin of the Species (Darwin) 5 -
- Opticks (Newton) - -
1 The Analysis of Mind (Russell) S— 1 -
1 10 100 1000 1 10 100 1000 10*
Rank Rank

IN 2001, GABRIEL LANDINI REPORTED THAT THE VOYNICH TEXT OBEYS ZIPF’'S LAW



ENTROPY caAN BE INTERPRETED As A MEASURE OF DISORDER

IT CAN ALSO BE INTERPRETED AS A MEASURE OF PREDICTABILITY
IN THE SEQUENCE:

THE LOWER THE ENTROPY, THE MORE PREDICTABLE ARE
FUTURE OCCURRENCES IN THE SEQUENCE

ENTROPY & INFORMATION



COMPLEXITY IN WORD DISTRIBUTION

what
0 50 000 100 000 150 000 N
N
plants J I
100000 150 000
position
hybrids
0 50 000 100 000 150 000

position

WORDS THAT CONVEY SEMANTIC INFORMATION ARE MORE CLUSTERED



EXAMPLE: ON THE ORIGIN OF SPECIES BY C DARWIN

155000 WORDS IN LENGTH, 7000 DIFFERENT WORDS

o 6 )
B, | HUIw=-Yp(j|wlog,p(j| W

5

4
>
% e original text
53 shuffled text
g analytical

2

1 o o:o':.‘.‘. °,

L) o -
0 R X IR R
1 10 100 1000 104
frequency

<— log, P (P=064)

P

HUIw=-Y .

j=1

N,

n.
log, -

n
N-m

DEPARTURES FROM RANDOM BEHAVIOUR IS DUE TO THE LINGUISTIC FUNCTION OF
WORDS; THUS, QUANTIFYING THAT DEPARTURE MAY IN TURN QUANTIFY LINGUISTIC

FUNCTION.



THE INFORMATION AS A FUNCTION OF THE SCALE
. ____________________________________________________________________________|
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